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Abstract

We propose theoretical model of the heat transfer in the axisymmetric swirl pipe flows. The model is used to study

influences of the type of vortex symmetry and of the vorticity distribution in the vortex core on the heat transfer

enhancement.

The study shows that traditional empirical correlations for swirl flows are, in general, insufficient. Indeed, two types

of vortex structures can exist in the swirl flows with the same integral characteristics: vortices with left-handed and

right-handed helical symmetry. Left-handed helical vortexes generate wake-like swirl flows and increase heat transfer in

comparison with the axial flow. Right-handed vortex structures generate jet-like swirl flows and can diminish heat

transfer.

Two major factors of the heat transfer enhancement have been identified: (i) formation of the swirl flow with left-

handed helical vortex; (ii) modification of the near wall velocity profile of the inviscid flow due to the different vorticity

distribution in the vortex core.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

Swirl flows have wide range of applications in various

engineering areas such as chemical and mechanical

mixing and separation devices, combustion chambers,

turbo machinery, rocketry, fusion reactors, pollution

control devices, etc. Better utilization of swirl flows may

lead to the heat and mass transfer enhancements.

Problems of heat and mass transfer in swirl pipe flows

are of practical importance in designing different heat

and mass transfer exchangers, submerged burners, heat

transfer promoters and chemical reactors.

Swirl flows result from an application of a spiral

motion, a swirl velocity component (also called as

‘‘tangential’’ or ‘‘azimuthal’’ velocity component) being

imparted to the flow by the use of various swirl-gener-

ating methods [1]. Many researchers have studied heat

transfer characteristics of swirl flows using different swirl
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generators: axial blades placed in the pipe inlet
region [2]; short length helical inserts [3]; tangential

injector [4,5]; tangential vane swirl generators [6,7]; ra-

dial blade cascade [8], etc. These studies show essential

distinction in influence of different swirlers on the heat

transfer characteristics. Experimental data [9–12] also

show a different influence of swirlers on the mass

transfer characteristics in annular and cylindrical tubes.

Usually the swirling pipe flows are classified into two

types: (i) continuous swirl flows, which maintain their

characteristics over entire length of test section; and (ii)

decaying swirl flows. Additional difference in properties

of swirl flows is related with the rate of swirl intensity,

see for example [13]. This traditional classification of

swirl flows is not sufficient for explanation of the heat

and mass transfer in swirl flows. From the hydro-

dynamic point of view, the major problem is an

incomplete understanding of the swirl flow parameters.

Swirl flow is usually referred to a vortex structure with a

central vortex core and an axial velocity component.

Recent progress in study of these vortex structures re-

veals the direct relation between the type of vortex

symmetry (left- or right-handed symmetry) and the

appearance of swirl flows with jet-like or wake-like
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Nomenclature

a, b, c empirical constants

E axial flux of energy (kgm2/s), dimensionless

parameter: E=qU 3R2

G flow circulation (m2/s), dimensionless para-

meter: G=RU
J axial flux of momentum (kgm/s), dimen-

sionless parameter: J=qU 2R2

k mass transfer coefficient on the wall (m/s)

l � ð2pÞ pitch of vortex lines (m), dimensionless

parameter: l=R
L length of a cylindrical mass transfer section

(m)

M axial flux of angular momentum (kgm2/s2),

dimensionless parameter: M=qU 2R3

Nu Nusselt number

Nu0 Nusselt number in non-swirl flow

p pressure (kgm/s2), dimensionless parameter:

p=qU 2

p0 static pressure in the system (kgm/s2),

dimensionless parameter: p0=qU 2

R radius of a cylindrical mass transfer section,

dh=2 (m)

Re Reynolds number

Q volumetric flow rate (kg/s), dimensionless

parameter: Q=qUR2

Sc Schmidt number

S swirl number

S� design swirl number

Sh Sherwood number

U mean axial velocity, Q=R (m/s)

V tangential velocity of inviscid flow on a wall,

� wuðRÞ (m/s)

w0 velocity on a flow axis (m/s), dimensionless

parameter: w0=U
W axial velocity of inviscid flow on a wall,

� wzðRÞ (m/s)

ðr;u; zÞ cylindrical coordinate system in inviscid

flow (m, rad, m)

z coordinate oriented along the flow (m)

ð0;wu;wzÞ velocity components of inviscid flow (m/s)

ðux ¼ uu; uy ¼ �ur; uzÞ velocity components in bound-

ary layer (m/s)

ðx; y; zÞ coordinate system in boundary layer (m)

y distance from the wall in the normal direc-

tion, R� r (m)

x coordinate in the tangential direction (m)

Greek symbols

a empirical constant

C vortex circulation (m2/s), dimensionless

parameters: C=RU
d diffusion boundary layer thickness (m)

e radius of vortex core (m), dimensionless

parameter: e=R
m kinematics viscosity of a fluid (m2/s)

q fluid density (kg/m3)

su, sz local shear stress at the tube wall (kg/m s2)

xz axial component of a vorticity (1/s)

xu tangential component of a vorticity (1/s)
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profile of the axial velocity [14,15]. Both of these types of

swirl flows can be continuous or decaying and can have

high or low swirl intensity. Further studies [16,17] have

shown that, under the same integral flow parameters

(flow rate, flow circulation, axial fluxes of momentum,

angular momentum and energy), both left-handed and

right-handed vortex structures can be realized; there is

even a possibility of the transition between different

types of symmetry in the same flow.

Another problem is an insufficient description of the

vortex structures for laminar and turbulent flow re-

gimes. Vorticity distribution in the vortex core is dif-

ferent for these flow regimes as the diffusion of all

passive scalars in turbulent flows is more important then

in laminar ones. To authors’ knowledge, no data are

reported in the literature on an influence of the vorticity

distribution in vortex core on the transfer processes in

swirl flows.

It is clear that ambiguities in flow regimes lead to

heat (or mass) transfer ambiguities. For this reason, the
study of the influence of the type of the vortex symmetry

and the vorticity distribution in the vortex core on the

transfer processes in swirl flows is of great interest. This

is the main goal of this paper.
2. Empirical correlating equations in swirl flows and

existence of vortices with different vortex symmetry

Traditional form of correlating equation for con-

vective heat transfer is

Nu � f ðPrÞ ¼ aRebU ; ð2:1Þ

where a and power factor b are empirical constants. In

(2.1) Reynolds number ReU , calculated via average flow

rate velocity U , is usually used as a universal similarity

parameter to identify a flow influence on the heat

transfer processes. Some authors directly use Eq. (2.1) to

predict transfer processes in swirl flows (see for example

[6]). However, an additional hydrodynamic parameter,



S. Martemianov, V.L. Okulov / International Journal of Heat and Mass Transfer 47 (2004) 2379–2393 2381
the swirl number, is usually introduced to describe

transfer processes in the swirl flows. This parameter

characterizes the rate of flow swirling.

The definition of the swirl number varies from author

to author. The complete form of its definition for pipe

flow is [1]

S ¼ M=JR: ð2:2Þ

Here M ¼
R
R qwuwzrdR and J ¼

R
Rðp þ qw2

z ÞdR are the

axial components of the flux of angular momentum and

momentum, wz and wu are the axial and tangential

velocity components, r is the radial coordinate, q is the

fluid density, R is the pipe radius, p is the pressure, R is

the pipe cross-section. The turbulent fluctuations are

generally neglected, therefore the pressure and velocities

are considered to be time-averaged. An exact calculation

of the swirl number by means of Eq. (2.2) is practically

impossible since the velocity and the pressure fields are

usually unknown. The widespread simplification of the

definition of the swirl number is given by the formula:

S� ¼
Z R

0

wuwzr
2 dr R �

Z R

0

w2
z rdr

� ��
: ð2:3Þ

However, in the practical studies and engineering

applications the swirl number is replaced by simpler

parameter, so-called design swirl number. There are

various ways of determining this parameter. Simplest

possibility is to identify the design swirl number SV =W
with the ratio of maximum (or average) tangential

velocity to a maximum (or average) axial velocity (see

for example [19]). Another possibility is to evaluate swirl

number through the geometric parameters of a vortex

chamber. In [7,12] an angle h between the swirler vane

and the pipe axis was used as the design swirl number.

There were many prior attempts to describe heat (or

mass) transfer in the swirl flows. To our knowledge,

these attempts were restricted to determination of

empirical correlating equations with different definition

of the swirl number. In the recent works on heat transfer

in the air swirl flows generated by different radial guide

vane swirlers [7] or snail swirlers [20] the following

correlations were proposed:

Nu � Pr�0:4 ¼ aRebð1þ tan hÞc; ð2:4Þ

where h is an angle between swirler vane and pipe axis

which can be interpreted as the design swirl number; and

a; b; c are different empirical constants. Similar correla-

tion was obtained previously by [12] for mass transfer:

Sh � Sc�1=3 ¼ aRebð1þ tan hÞc: ð2:5Þ

In experiments described in [4], the air was injected

through six tangential injectors placed on the pipe

periphery. Authors used the reduced form of the swirl

number (2.3) in the correlation equation:
Nu
Nu0

� 1 ¼ aðS�Þb; ð2:6Þ

where Nu0 is Nusselt number in laminar non-swirl flow.

In theoretical studies of [19,21] the resulting formula for

Nusselt number was presented via the simplest form of

the swirl number SV =W :

Nu � Pr�0:4 ¼ a ð1
h

þ S2
V =W Þ

1=2Re
ib
: ð2:7Þ

Eqs. (2.4)–(2.7) and ones similar to them postulate

that only two parameters, namely Reynolds (Re) and

swirl (S) numbers, are essential for the description of the

hydrodynamic influence on the heat (or mass) transfer

processes in swirl flows. However, in contrast to axial

non-swirling flows where one type of the correlating Eq.

(2.1) successfully fits experimental data, for swirl flows

there are no correlations of a general character. At

present, there is no generalized method for prediction of

the heat transfer in the swirl flows from known inlet flow

conditions that can be applied to different swirl gener-

ators. Description of swirl flows only by the means of

Reynolds and swirl numbers meets with numerous dif-

ficulties. One of the problems deals with the existence of

a spontaneous change in flow regimes (see, for example,

[22,23]) and with the change of the flow regimes during

vortex breakdown [16,17]. In reality, Reynolds and swirl

numbers do not determine the only one regime of swirl

flow. For example, four different flow regimes were ob-

served in [15] in the same set-up for identical Rey-

nolds and swirl numbers. This phenomenon can be

related with the appearance in the flow of the large-

scale vortices having various structures (their classifica-

tion is given in [15]). The origin of these ambiguities is

related to the existence of different types of vortex

symmetry.

Below we use an example of the simplest axisym-

metric swirl flow for demonstration of the differences

between flow regimes induced by vortices with different

helical symmetry. Let vortex axis coincides with the pipe

axis, the vortex core has the radius e < R (Fig. 1). We

suppose that the vortex core has a circulation C and

consists from helical vortex lines with a constant pitch––

2pl. In other words, components of the vorticity in the

axisymmetric vortex with helical symmetry satisfy fol-

lowing relations:

xu=xz ¼ r=l and xr ¼ 0:

In this section we consider a simple example of the

vortex core with a constant axial component of the

vorticity in the cross-section:

xz ¼
2C
e2

1 when r < e;
0 when rP e:

�
ð2:8Þ

This vortex core induces the inviscid velocity field, which

is the exact solution of Euler equations [24]:



2πl

Rw0

Fig. 1. Swirl flow in a tube generated by an axisymmetric

helical vortex structure: dashed line––shape of helical vortex

lines forming the vortex core; e––radius of the core; solid line––

trajectory of fluid motion.
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wu ¼ C
r
f ðr; eÞ; wz ¼ w0 �

C
l
f ðr; eÞ;

where f ðr; eÞ ¼ r2=e2 when r < e;

1 when rP e:

� ð2:9Þ

Here w0 is the velocity on the flow axis (Fig. 1). It was

shown that Eq. (2.9) gives a good approximation of an

experimental data for various swirl flows [15,16,25]. For

this reason, the flows described by Eqs. (2.8) and (2.9)

may be considered as the good approximations for the

flow core in the inlet of swirl pipe flow. In some sense the

velocity distributions given by Eqs. (2.8) and (2.9) play

for the inlet swirl pipe flow the same role as a step-shape

profile approximation for the inlet non-swirl pipe flow.

The swirl flow induced by the step-shape distribution

of the vorticity, Eq. (2.8), has a set of axial velocity

profiles under the same Reynolds and swirl numbers, see

Fig. 2. This is the main distinction between flows with

and without swirling. When the pitch l between the

vortex lines is equal to infinity, vortex described by Eq.

(2.9) is equivalent to the well-known Rankine vortex

with a uniform profile of the axial velocity. This flow

configuration is similar to the one in an inlet non-swirl

flow (Fig. 2b). Right-handed helical vortex with positive
(a) (b) (c)

Fig. 2. Possible axial velocity profiles (b)–(e) under the same Reynold

all flow regimes); (b) uniform profile generated by Rankine vortex; (c)

wake-like profile generated by the left-handed helical vortex; (e) wake-l

vortex.
value of l generates jet-like profile of the axial velocity

(Fig. 2c), while left-handed helical vortex with negative

value of l generates wake-like profile (Fig. 2d). The last

type of vortex can even induce a counter flow in the pipe

(Fig. 2e). The fact of existence of right-handed and left-

handed helical vortices with the same integral flow

parameters was established by theoretical analysis of

vortex breakdown [16].

From the practical point of view, the existence of

vortices with different vortex symmetry means that tra-

ditional parameters, namely Reynolds and swirl num-

bers, are insufficient for the prediction of the heat and

mass transfer in swirl flows. Ambiguities in the flow

regimes lead to heat and mass transfer ambiguities.

These ambiguities can be very important for heat (or

mass) transfer control. In early work [26] the existence of

the recirculation zone at the center of the tube (Fig. 2e)

has been mentioned as a possible mechanism of heat

transfer enhancement in the swirl flows. Indeed, the re-

circulation zone improves the convective heat transfer

because it increases the axial velocity near the wall by

reducing the effective cross-section flow area. The in-

crease of the near-wall velocity, in turn, produces larger

temperature gradients and higher heat transfer rate. It

was shown experimentally [4] that one of the major

mechanisms of the heat transfer enhancement is a high

axial velocity near the wall. Recently [25] it have been

justified theoretically that, under the same flow condi-

tions, mass flux on the wall in swirl flows can decrease or

increase in comparison with axial flow. The possible

increasing or decreasing in the mass flux is determined

by the values of axial velocity near the wall (Fig. 2b–e).

In the following section we reproduce the classical

methodology for calculations of the wall heat flux at an

inlet of the swirl flow. Our goal is to demonstrate a

dominant role of the near wall velocity for the heat

transfer enhancement and to obtain a theoretical basis

for explanations of above-mentioned ambiguities, re-

lated to the existence of the different types of vortex

symmetry.
(d) (e)

s and swirl numbers: (a) tangential velocity profile (the same for

jet-like profile generated by the right-handed helical vortex; (d)

ike profile with counter flow generated by the left-handed helical
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3. Wall heat flux in the inlet of swirl pipe flows

In this section we calculate the wall heat flux in the

inlet of a swirl pipe flow as a function of parameters of

inviscid flow core. The traditional laminar boundary

layer methodology is used without any empirical

hypotheses or ‘‘analogy’’ arguments. We consider the

mathematically simple case of a swirl flow in a cylin-

drical heat transfer section of radius R and length L. The
further calculations take into account the following

assumptions:

• flow regime is steady and axisymmetric; influence of

turbulent pulsations and three-dimensional effects

are neglected;

• the heat transfer section is short (flow inlet), so the

developing hydrodynamic boundary layer does not

essentially influence the inviscid flow core;

• heat transfer does not influence the hydrodynamics;

• curvature of hydrodynamic and thermal bound-

ary layers is small in comparison with the tube

radius.

As the boundary layer thickness is small, it is pos-

sible to neglect the curvature of the tube and to use a

planar coordinate system related to the wall (see

Fig. 3).

The near wall velocity profile in the inlet of the tube

can be calculated from the 3-D equations for hydrody-

namic boundary layer:

uy
oux
oy

þ uz
oux
oz

¼ m
o2ux
oy2

;

uy
ouz
oy

þ uz
ouz
oz

¼ m
o2uz
oy2

� 1

q
op
oz

;

ouy
oy

þ ouz
oz

¼ 0

8>>>>>>><
>>>>>>>:

ð3:1Þ

with the following boundary conditions:
y ¼ 0 : ux ¼ uy ¼ uz ¼ 0 and

y ¼ 1 : ux ¼ wuðRÞ � V ; uz ¼ wzðRÞ � W :
z

x
y

V

W

Fig. 3. Coordinate system for three-dim
Here W and V are the axial and tangential velocities

components of the inviscid vortex flow core near the

wall. The assumption that the flow is axisymmetrical is

taken into account in Eqs. (3.1), so all flow character-

istics are invariant in the tangential direction (x-axis). It
can be noted that Eqs. (3.1) are exactly the same as those

obtained for the case of axisymmetrical flow along a

body [27].

We assume that friction losses do not influence the

inviscid flow core over the entire heat transfer section

(this means constancy of the velocities V and W ). So, the

pressure term in the second equation of (3.1) vanishes,

and the first equation of the system (3.1) becomes

identical with the second one. Thus, the two velocity

components become proportional, exactly as in the case

of axisymmetrical flow along a body [27]:

ux
uz

¼ uu
uz

¼ V
W

: ð3:2Þ

Moreover, the second and the third equations of the

system (3.1) become identical with the boundary layer

equations for a flat plate. So, the solution of the system

(3.1) may be presented in the form:

uu ¼ ux ¼ V /0;

�ur ¼ uy ¼
1

2

ffiffiffiffiffiffiffi
mW
z

r
ðn/0 � /Þ;

uz ¼ W /0:

8>><
>>: ð3:3Þ

Here, the function / is a solution of the Blasius equation

[27].

So, we can use the well-known results for a flat plate

[27] to calculate Nusselt number in the inlet of an axi-

symmetric swirl flows:

Nuz=
ffiffiffiffiffiffi
Re

p
¼ BðPrÞ; ð3:4Þ

where Nuz ¼ qwðzÞ � z=kðT1 � TwÞ; Rez ¼ W � z=t; and the

function B depends on the thermal boundary condition

on the wall. Function B is given for different values of

Prandtl number and for different types of boundary

conditions (constant temperature or constant heat flux)

in [27,28].

The above results are related to the case of heat

transfer over the all tube section. In the case when only a
z

x
y

V

W

uz

uϕ

ensional boundary layer in a tube.



Fig. 4. Variation of mass-transfer coefficients k along the tube

in the swirl pipe flow: points––measurements of [4]; lines––

calculations by means of Eq. (3.5).
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small part of the tube is heated, the heat flux to the

surface is defined by the modulus of the local near wall

velocity of the inviscid flow core. For example, if the

heated part has a form of a circle with the diameter d0,
we can use result [25], previously obtained for the mass

transfer, for the calculation of Nusselt number:

Nu ¼ 0:6 � Pr1=3 d0
z0

� �1=6

� d0 � ðW
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2 þ W 2

p
Þ1=3

m

 !1=2

;

ð3:5Þ

where z0 is the longitudinal coordinate of the heated

spot. Eq. (3.5) is justified for Pr � 1 and can be used

with a good approximation for the case of moderate

Prandtl numbers.

Usually Nusselt number in swirl flow is referred to

Nusselt number Nu0 at the axial flow with the same flow

rate. If we use this way of presentation, Eqs. (3.4) and

(3.5) take the form:

Nu
Nu0

¼ ReW
ReU

� �1=2

¼ W
U

� �1=2

; ð3:6Þ

Nu
Nu0

¼ ReðV ;W Þ

ReU

� �1=2

¼ W
U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ V 2

W 2

� �
3

s !1=2

; ð3:7Þ

where Reynolds numbers are defined as:

ReW ¼ d0 � U
m

; ReW ¼ d0 � W
m

;

ReðV ;W Þ ¼
d0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W ðV 2 þ W 2Þ3

p
m

:

Eqs. (3.4)–(3.7) show that under the certain conditions

(as formulated previously), the wall heat transfer in swirl

flows can be predicted as a function of the near wall

velocity of the inviscid flow core.

In spite of the simplicity of proposed model, the

obtained correlations quite correctly describe variation

of heat (mass) transfer coefficients along the pipe sur-

face. The data obtained for the mass transfer coefficient

k [12] can be used for verification of (3.5). Fig. 4 shows

variation of the mass transfer coefficients kðzÞ, both

measured in [12] and calculated (dashed lines) by Eq.

(3.5). Initial parts of the curve characterize the flow for

the distances up to 5–6 tube diameters from a swirler. It

can be noted that Eq. (3.5), after re-adjusting Rew;v
parameter, can be successfully applied to describe vari-

ation of the mass transfer coefficient not only in the inlet

(where the model assumptions are applicable) but also

for the developed flow regime (dashed lines in Fig. 4 in

the region from 10 to 30 tube diameters).

It is clear that concrete form of correlation equations

for Nusselt number can be different from Eqs. (3.4)–

(3.7), in particular due to the influence of turbulent

pulsations on near wall heat transfer. Nevertheless, it is
important that obtained equations explain at least one

mechanism of the influence of swirling on the heat

transfer. This mechanism is related to the modification

of the velocity profile of the inviscid core near the wall.

We will show below that, under the same integral flow

conditions, near wall velocity can increase or decrease

with respect to the axial flow. As a result, we can obtain

either enhancement or suppression of the wall heat

transfer. This can be a reason of the above-mentioned

ambiguities in the transfer processes, which have no

explanation in the frame of traditional approach, see

Eqs. (2.4)–(2.7).
4. Description of swirl flows by means of helical vortex

structures with different vorticity distributions in the core

A number of swirlers have been used to generate

swirl flow in a tube, including twisted tape inserts,

coiled wires, propellers, inlet guided vanes, tangential

injection of the fluid, etc. Some of these devices gen-

erate swirl continuously along the entire length of the

test section; whereas, others are placed at the inlet with

the decay of swirl along the tube. In this section, we

analyze both types of swirlers using a model of an

inviscid flow core induced by helical vortices without

losses. The assumption of the existence of helical sym-

metry is not a fundamental restriction. It was shown

previously [15,18,25] that this type of symmetry is

realized with a good accuracy in a wide range of flow

parameters and for various types of swirlers. The use of

a model of an inviscid flow core without losses is a

more relevant restriction, which does not allow

describing flow transformation along the pipe for

decaying swirl flows. However, data of [29] showed that

swirl decays to 10–20% only on the length of about 50

diameters. This result was supported by others studies,

see for example [4]. It means that estimations of heat
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(or mass) transfer both for continuous and for decaying

swirl flows may be done with acceptable errors by using

a model of an inviscid flow core without losses. This

model does not allow estimation of pressure drop

characteristics, which are an important parameter for

engineering applications. However, the present work

has another goal: investigating hydrodynamic possibil-

ities of the heat (or mass) transfer enhancement in the

swirl flows.

The step-shape model of the vorticity distribution

used in [25] (see Section 2, Eq. (2.8)) is a rather crude

model which can be applied only in the inlet of a pipe

swirl flow. In all cases, vorticity profile smears along the

flow due to the diffusion. That is why the study of the

different models of swirl flows, with different approxi-

mation of the vorticity distribution in vortex core, is

important. Below we shall show that some of these

models can be sufficiently used for description of the

developed swirl flows with helical symmetry.

Within the frame of the proposed inviscid flow

model, it is possible to choose arbitrarily a vorticity

distribution in the swirl flow core. Once the helical

symmetry is supposed, any distribution of the axial

vorticity component acts as an exact solution for Euler

equations. Obviously, additional information should be

used in order to identify the flow structure. The main

goal of this section is to study the legitimacy of different

approximations for the vorticity field.

For the axisymmetric helical vortices, equations

wu ¼ C
r
f ðr; eÞ;

wz ¼ w0 �
C
l
f ðr; eÞ;

pz ¼ p0 � qC2

Z r

0

f ðr; eÞ
r3

dr

ð4:1Þ

are the solutions of Euler equations [24] for any distri-

bution of the vorticity in the flow core. Here wu, wz are

azimuthal and axial velocity components; p is pressure;

C is the circulation of vortex; e is its radius; 2pl is the

vortex lines step, w0 and p0 are velocity and pressure

values at the axis; r is a radial distance from the axis.

The function f ðr; eÞ determines the vorticity distribution

in the flow core.

In addition to the step-shape distribution of vorticity

equation (2.8), let us consider below two types of dis-

tributions of the axial vorticity component xz:

i(i) The Gauss distribution, which is equivalent to Lamb

vortex with l ! 1 in (4.1):

xz ¼
2C
e2

expð�r2=e2Þ;

f ðr; eÞ ¼ 1� expð�r2=e2Þ:
ð4:2Þ
(ii) The rational fraction distribution, which is equiva-

lent to Scully vortex with l ! 1 in (4.1):

xz ¼ 2C
e2

ðr2 þ e2Þ2
;

f ðr; eÞ ¼ r2

r2 þ e2
:

ð4:3Þ

The Gaussian and the rational distributions of the

vorticity in the vortex core have been studied in [15,18].

Essential difference between these distributions is related

to the fact that the vorticity in the last vortex is less

concentrated (see Fig. 9 from [15]). For different flow

regimes (laminar or turbulent), we can choose between

the two models by correlating the velocity profile Eq.

(4.1), obtained for both types of the vorticity distribu-

tion, with experimental data of [30–33]. In these works

the velocity profiles have been measured at the instal-

lations having guide vane swirler with the same geo-

metrical characteristics but different Reynolds number

(3220, 4540, 6000, 11 480, 14 100, 20 660, 100 000,

230 000). The results of matching reference flows at low

and large Reynolds numbers are shown in Fig. 5. For

low Reynolds numbers, the Gaussian distribution fit

well the experimental data of [30,31], while at large

Reynolds numbers the rational distribution is more

suitable approximation for the data obtained by [32,33].

It means that the choice of vorticity distribution depends

on the flow regime: Gaussian distribution is more

appropriate for the description of laminar swirl flows,

while the rational distribution is better adapted for the

turbulent ones. This is an expected result: indeed, in

turbulent flows the distribution of the vorticity over the

tube cross-section should be smoother than in laminar

flow due to the turbulent diffusion. This is the case of the

rational distribution.

It is interesting to verify if vorticity distributions (4.2)

and (4.3) can be useful for description of the velocity

profiles generated by different types of swirlers. Gupta

et al. [1] classified methods of swirl generation into the

three main categories: (i) guide vanes, (ii) tangential

entry and (iii) direct rotation. The first type of swirlers

has been considered above (see Fig. 5). Below we ana-

lyze experimental data obtained for others typical swir-

lers according to the traditional classification [1]:

tangential swirler [4], swirler with combination of axial

and tangential entry [34], and swirler with rotating

honeycomb section [35]. Comparison of the Gaussian

and rational approximations with experimental data for

the different swirlers is presented in Figs. 6–8, see

also Table 1. Both models fit well experimental data;

nevertheless, some difference between the models can be

noted. The most important difference between Gaussian

and rational models is noted for tangential swirler,

Fig. 5. This difference diminishes for tangential and
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axial–tangential swirlers (Figs. 6 and 7) and becomes

negligible for the swirl flow generated by a rotation of

honeycomb section (Fig. 8). It is remarkable that the
difference between two models is directly related to the

type of the vorticity distribution in the core flow (see

Fig. 9). For guide vane swirlers the vorticity distribution
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is concentrated near the flow axis (Fig. 9a), and the

difference between two models is the most pronounced.

For tangential swirlers (Fig. 9b) and swirlers with

combination of axial and tangential entry (Fig. 9c) the

vorticity distribution is smoother, and the difference

between the models diminishes. The last type of swirlers

with rotating honeycomb section (Fig. 9d) generates

quasi-uniform vorticity distribution, and the difference

between the two approximations is negligible.

The above analysis provides a qualitative classifica-

tion that can be help to correctly choose a swirler in

different technical applications. Differences in velocity

profiles for turbulent and laminar regimes are significant

mainly for swirlers inducing flows with slender vortex

core. Nevertheless, these differences are much smaller in

comparison with axial flows [27]. In the following sec-

tion we study ambiguities related to the existence of the
different vortex symmetry in the swirl flows with the

same integral parameters. In particular, we will estimate

the influence of the flow regimes on these ambiguities. In

the Section 6 we will discuss how these hydrodynamic

ambiguities can be projected to the heat transfer pro-

cesses in pipe swirl flows.
5. Ambiguities in the swirl pipe flows with helical

symmetry

In the previous work [25] we have shown that mass

transfer processes in the swirl flows are not completely

controlled by integral flow parameters (Reynolds num-

ber and the swirl number) but depend essentially on the

type of vortex symmetry. The left-handed helical vorti-

ces generate wake-like swirl flows and increase mass
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transfer in comparison with axial flows. The right-han-

ded helical vortices generate jet-like swirl flows, which

can decrease mass transfer. In [25], rather crude model

(2.8) with the step-shape distribution of the vorticity was

used to describe a swirl flow. As shown in the previous

section, flow models with smooth vorticity distributions

(4.2) and (4.3) are more suitable approximations for

both laminar and turbulent flows. The main goal of this

section is to study possible flow regimes which can arise

in the pipe swirl flows under the same integral flow

parameters. In other words, we study the problem of

existence of the left- and right-handed helical vortices

for the different vorticity distributions (4.2) or (4.3).

A swirl flow can be described by a set of integral flow

parameters. We do not take into account the influence of
wall friction losses. This leads one to conservation laws

for five integral parameters of inviscid axisymmetric flow

[18]:

flow rate

Q ¼ 2pq
Z R

0

wzrdr; ð5:1Þ

velocity circulation

G ¼ 2pRwuðRÞ; ð5:2Þ

axial flux of angular momentum

M ¼ 2pq
Z R

0

wuwzr2 dr; ð5:3Þ



Fig. 9. Distribution of the axial vorticity in swirl pipe flows generated by the different swirlers: a––radial guide vanes [31]; b––tan-

gential swirler [4]; c––axial–tangential inlet [34]; d––rotation of honeycomb section [35].

Table 1

Vortex parameters in swirl flows generated by different swirlers

Type of vortex

and flow regime

Approximation

of vortex core

Regime parameters Vortex parameters Near wall velocities

Re S S� C=UR2 2pl=R w0=U e=R W =U V =U

Set-up with guide vane swirler [31]

Right-handed Model (4.2) 11 480 0.1 0.3 0.32 0.33 1.96 0.19 0.98 0.32

Model (4.3) 0.1 0.31 0.36 0.34 1.96 0.17 0.91 0.35

Set-up with guide vane swirler [32,33]

Right-handed Model (4.2) 230 000 0.07 0.40 0.41 0.27 2.44 0.16 0.93 0.41

Model (4.3) 0.07 0.43 0.47 0.28 2.45 0.15 0.82 0.46

Set-up with tangential input [4]

Left-handed Model (4.2) 12 500 0.21 1.1 1.35 )0.77 )0.45 0.43 1.29 1.34

Model (4.3) 0.21 1.1 1.73 )0.76 )0.46 0.45 1.44 1.44

Set-up with axial–tangential input [34]

Right-handed Model (4.2) 280 000 0.25 0.34 0.45 3.4 1.13 0.46 0.99 0.45

Model (4.3) 0.25 0.35 0.6 3.3 1.13 0.50 0.98 0.48

Left-handed Model (4.2) 280 000 0.27 0.63 0.79 )1.38 0.58 0.44 1.15 0.78

Model (4.3) 0.27 0.64 1.08 )1.38 0.58 0.49 1.21 0.87

Set-up with rotating honeycomb section [35]

Right-handed Model (4.2) 280 000 0.24 0.27 0.65 1.45 1.21 0.87 0.88 0.47

Model (4.3) 0.24 0.27 1.05 1.45 1.21 1.00 0.88 0.47

Right-handed Model (4.2) 280 000 0.39 0.63 1.86 2.68 1.27 0.99 0.82 1.19

Model (4.3) 0.39 0.63 3.27 2.68 1.27 1.00 0.82 1.19
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axial flux of momentum

J ¼ 2pq
Z R

0

w2
z

 
þ

Z r

0

w2
u

r
dr

 
þ p0

q

!!
rdr; ð5:4Þ

axial flux of energy

E ¼ 2pq
Z R

0

w2
z þ w2

u

2

 
þ

Z r

0

w2
u

r
dr

 
þ p0

q

!!
wzrdr:

ð5:5Þ

Here q is the fluid density, and p0 is the static pressure in
the system.

The procedure presented below is valid for any type

of the vorticity distribution, for example for distribu-

tions given by Eqs. (2.8), (4.2) and (4.3). Substitution of

the expressions (4.1) into Eqs. (5.1)–(5.5) allows, at fixed
Q, G, L, J and E, to obtain a system of five non-linear

algebraic equations for the vortex structure parameters

C, l, e, w0, and p0. Equations corresponding to the

conservation laws for Q, G, L and J allow to present

parameters C, l, w0 and p0 as functions of the radius of

the vortex core e:
CðeÞ ¼ G
k0ðeÞ ;

lðeÞ ¼ C2ðeÞ k12ðeÞ � pk2ðeÞ
pL� QCðeÞk1ðeÞ ;

w0ðeÞ ¼
Lk1ðeÞ � QCðeÞk2ðeÞ
CðeÞ k12ðeÞ � pk2ðeÞð Þ ;

p0ðeÞ ¼
J
p
� 1

p
w0ðeÞQ� L

lðeÞ þ C2ðeÞk3ðeÞ
� �

:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
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Substituting these expressions in the energy equation

(5.5) reduces the system to one non-linear equation for

the vortex radius e:

w0ðeÞ
�
� w0ðeÞ

2
Qþ J þ C2ðeÞk2ðeÞ

2l2ðeÞ þ C2ðeÞk4ðeÞ
�

� CðeÞ
lðeÞ p0ðeÞk1ðeÞ

�
þ C2ðeÞ

l2ðeÞ k6ðeÞ þ C2ðeÞk5ðeÞ
�

¼ E: ð5:6Þ

Coefficients in Eq. (5.6) depend of the vorticity distri-

bution and are determined thus the functions f given

by Eqs. (2.9), (4.2) or (4.3):

k0ðeÞ ¼ f ð1; eÞ;
k1ðeÞ ¼ 2p

R 1

0
f ðr; eÞrdr;

k2ðeÞ ¼ 2p
R 1

0
f 2ðr; eÞrdr;

k3ðeÞ ¼ 2p
R 1

0

R r
0

f 2ðr;eÞ
r3 dr

� 	
rdr;

k4ðeÞ ¼ p
R 1

0

f 2ðr;eÞ
r dr;

k5ðeÞ ¼ p
R 1

0

f 3ðr;eÞ
r dr þ 2p

R 1

0

R r
0

f 2ðr;eÞ
r3 dr

� 	
f ðr; eÞrdr;

k6ðeÞ ¼ p
R 1

0
f 3ðr; eÞrdr:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

Everywhere in the equations, C, l, e, w0, p0, r imply

dimensionless values C=R � U , l=R, e=R, w0=U ,

p0=q � U 2, r=R, where U is a mean flow rate velocity, q is

a liquid density. Dimensionless integrals Q, G, L, J , E
imply Q=q � U � R2, G=R � U , L=q � U 2 � R3, J=q � U 2 �
R2, E=q � U 3 � R2.

Investigation [18] has shown that, for the flow re-

gimes with vortex breakdown [30–33], non-linear equa-

tion (5.6) has several roots in the variation range of the

parameter e (06 e6 1). Some roots correspond to a

positive value of l and to the jet-like swirl flows, when

the axial velocity has a maximum on the flow axis (Fig.

3c). This type of vortex structures (l > 0) we call right-

handed helical vortexes. Other roots correspond to a

negative value of l and to wake-like swirl flows, when

the axial velocity has a minimum on the flow axis (Fig.

3d and e). This type of vortex structures (l < 0) we call

left-handed helical vortexes. Existence of a set of roots

of Eq. (5.6) means that different vortex structures may

arise in the flow at the same integral flow conditions.

Moreover, it explains a change in the flow regime with a

transition from one vortex structure to another, experi-

mentally observed as the vortex breakdown.

The initial regime in [31] corresponds to a flow with a

jet-like profile (right helical vortex). Secondary regimes

in this flow (i.e. the regimes after breakdown) corre-

spond to a wake-like flow profile (left helical vortex).

Fig. 10 shows an example of the graphic solution of Eq.

(5.6) for the swirl flow investigated in [31] at Re¼ 11 480.

It can be noted that for different flow models, described

by the different vorticity distributions in the core, the

number of roots in Eq. (5.6) varies from 2 to 4. So, all
our modes predict secondary regimes with wake-like

profiles, while the number of possible secondary regimes

varies from 2 to 4. The existence of different secondary

regimes with wake-like velocity profile has been experi-

mentally observed (see, for example, a diagram of the

vortex breakdown in [30]). It should be emphasized that

different vorticity models describing either turbulent or

laminar flow regimes lead to unequal number of the

roots of Eq. (5.6) and thus to essential difference in

secondary flows.

The quantitative differences in the flow regimes for

vortex structures with vorticity distributions (4.2) or (4.3)

are shown in Fig. 11. The model with a step-shaped

distribution (2.8) was excluded from our consideration as

being very rough a priori. We have compared experi-

mental velocity profiles with solutions corresponding to

the roots of Eq. (5.6) for both vorticity distributions. An

excellent correlation was found between experimental

data (symbols) and theoretical results for the initial, be-

fore breakdown, flow regime (solid line). Difference be-

tween experimental data and calculated results of the

model (4.2) for the secondary flow regime (flow after

breakdown, dashed lines), was found to be insignificant.

Both vortex models indicate a possible change in the

helical symmetry of the axial vortex. Analysis of

experimental data for the different swirlers, presented in

Section 4, illustrates existence of the right- and left-

handed vortex structures in swirl flows without vortex

breakdowns (see Figs. 6–8 and Table 1). It this section

we have shown that, under the same integral parameters

(5.1)–(5.5), different vortex structures may appear in the
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same swirl flow. Moreover, transition from one vortex

structure to another is also possible in a flow in a

cylindrical tube (for example, in the flows with vortex

breakdown, Fig. 11). The existence of the ambiguities in

the swirl flows means that the set of integral flow

parameters (5.1)–(5.5) is, in general, insufficient for

classification of swirling pipe flows. As a consequence,

flows having the same Reynolds number Eq. (2.2) and

the same swirl number (2.3), but with different helical

symmetry or with different distribution of the vorticity

field, will differ from the heat (or mass) transfer point of

view. This effect will be quantitatively analyzed in the

following section.
6. Discussion and conclusions

The main goal of this paper is to study one of the

mechanisms of heat transfer enhancement in the pipe

swirl flow related to the increase of the axial velocity near

the wall. Our study shows that traditional empirical

correlations for swirl flows, described by Eqs. (2.4)–(2.7)

are, in general, insufficient. Indeed, two types of vortex

structures, with left-handed and right-handed helical

symmetry, can exist in the swirl flows with the

same integral characteristics. Two major factors of

the velocity augmentation have been identified: (i) for-

mation of the swirl flow with left-handed helical vortex;



Table 2

Vortex parameters in swirl flow with vortex breakdown [31]

Integral flow parameters

G=RU Q=qUR2 M=qU 2R3 J=qU 2R2 E=qU 3R2

0.37 3.1 1.0 21.4 18.6

Vortex type Vortex parameters

a
R

C
UR

2pl
R

w0

U
p0
qU 2

V
U

W
U

ReW
ReU

� �1=2 ReðV ;W Þ

ReU

� �1=2

Approximation of vortex core by Gaussian distribution of the vorticity (4.2)

Right helix 0.17 0.37 0.27 2.23 0.00 0.37 0.86 0.93 0.96

Left helix 0.25 0.37 )0.63 0.39 1.89 0.37 1.01 1.00 1.01

Left helix 0.32 0.37 )0.26 )0.27 2.32 0.37 1.15 1.07 1.09

Left helix 0.46 0.39 )0.14 )0.96 2.32 0.39 1.76 1.32 1.34

Approximation of vortex core by rational distribution of the vorticity (4.3)

Right helix 0.11 0.38 0.29 2.13 )2.79 0.37 0.84 0.92 0.95

Left helix 0.31 0.43 )0.15 )1.02 2.14 0.39 1.54 1.24 1.26

Left helix 0.48 0.51 )0.12 )1.23 2.18 0.41 2.12 1.46 1.46
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(ii) modification of the velocity profile due to the different

vorticity distribution in the vortex core, see Fig. 11.

To support these conclusions, we have used Eqs. (3.6)

and (3.7) to calculate hydrodynamic parameters (relative

Reynolds numbers) which determine heat transfer

enhancement. Table 2 presents these parameters for

different vortices. The vortex parameters were calculated

for seven vortex structures (see Fig. 11), which have the

same integral flow characteristics corresponding to the

real swirl [31].

Left-handed helical vortexes generate wake-like swirl

flows, while right-handed vortex structures generate jet-

like swirl flows. Estimations show (Table 2) that, under

the same integral flow characteristics, change of the vor-

tex symmetry can increase heat transfer at least at 54% (in

case of the rational distribution). It can be noted that wall

heat flux is more important for all left-handed vortices in

comparison with the right-handed vortices under same

flow characteristics. In all these cases, wall heat flux in the

swirl flows with left-handed vortices is greater than in the

axial flow. On the other hand, right-handed vortices de-

crease the wall heat flux in comparison with the devel-

oping axial flow having the same Re number.

Another result deals with the influence of the vorticity

distribution on heat transfer. We note that, under the

same integral characteristics, different left-handed helical

vortices give different heat enhancement in comparison

with the axial flow. The most important enhancement

corresponds to the rational distribution of the vorticity

(about 46%). As is shown above, rational distribution is

the most suitable approximation for turbulent flows.

Maximum enhancement that was obtained using

Gaussian distribution is 32%. This distribution is more

appropriate approximation for laminar swirl flows.

From engineering point of view, our study leads to

three important conclusions:
ii(i) In order to increase the wall heat flux in vortex de-

vices, it is preferable to realize left-handed vortex

structures.

i(ii) By using of a suitable vortex device, it is possible to

modify vorticity distribution in the flow core and to

increase heat enhancement under the same integral

flow characteristics. It is important to look for the

devices that generate smooth distribution of the

vorticity in the vortex core.

(iii) Spontaneous transition from one to another type of

vortex symmetry is possible in the vortex devices,

even if all integral flow parameters are well con-

trolled. The transition to another vortex symmetry

can provoke an important change of heat transfer

characteristics.
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